
Advanced Mathematical Models & Applications

Vol.7, No.2, 2022, pp.168-177

EXPANSION METHOD FOR THE LOADED MODIFIED
ZAKHAROV-KUZNETSOV EQUATION

Bazar Babajanov1, Fakhriddin Abdikarimov2∗

1Department of Applied Mathematics and Mathematical Physics, Urgench State University,
Urgench, Uzbekistan
2Khorezm Mamun Academy, Khiva, Uzbekistan

Abstract. Mathematical modeling of many physical process leads to nonlinear evolution equations. The inves-

tigation of traveling wave solutions of nonlinear partial differential equations plays significant role in the study of

nonlinear physical phenomena. In this article, the generalized (G′/G) - expansion method using generalized wave

transformation is applied to find exact traveling wave solutions of the loaded modified Zakharov-Kuznetsov(ZK)

equation. The performance of the method is reliable, useful and gives more new general exact solutions than

the existing methods. The travelling wave solutions are expressed by the hyperbolic functions, the trigonometric

functions and the rational functions. The results emphasize the power of proposed methods in providing distinct

solutions of different physical structures in nonlinear science. The graphical presentations are demonstrated for

some of newly obtained solutions. It is shown that the proposed method provides a powerful mathematical tool

for solving nonlinear wave equations in mathematical physics and engineering.
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1 Introduction

Nonlinear evolution equations (NLEE) appear in various fields of science and technology, such
as fluid mechanics, plasma physics, optical fibers, biophysics, electricity, wave propagation in
shallow water, high energy physics, biology, solid state physics, etc. One of the most important
NPDE is the Zakharov–Kuznetsov (ZK) equation.

The Zakharov–Kuznetsov (ZK) equation is a very attractive model equation for the study of
vortices in geophysical flows. The ZK equation appears in many areas of physics, applied mathe-
matics and engineering. In particular, it shows up in the area of plasma physics (Das et al., 2007;
Lin & Zhang, 2007; Mushtaq & Shah, 2005). The ZK equation governs the behavior of weakly
nonlinear ion-acoustic waves in a plasma comprised of cold (Lu et al., 2008a,b; Biswas & Zerrad,
2010). In 1974, Zakharov and Kuznetsov formulated model equation for model the propagation
of weakly nonlinear ion-acoustic waves in plasma, which includes cold ions and hot-isothermal
electrons in a medium with a uniform magnetic field amplitude (Zakharov & Kuznetsov, 1974;
Monro & Parkes, 1999).

The modified Zakharov–Kuznetsov (mZK) equation,

ut + u2ux + uxxx + uxyy = 0, (1)
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represents an anisotropic two-dimensional generalization of the Korteweg–de Vries equation and
can be derived in a magnetized plasma for small amplitude Alfven waves at a critical angle to the
undisturbed magnetic field, and has been studied by many authors because of its importance.

Many powerful and direct methods of nonlinear evolutions equations have been developed
to find special solutions, such as, Weierstrass elliptic function method (Kudryashov, 1990), Ja-
cobi elliptic function expansion method (Chen & Wang, 2005), tanh-function method (Malfliet,
1992), inverse scattering transform method Ablowitz & Segur (1991), Hirota method (Hirota,
1971), Backlund transform method (Rogers & Shadwick, 1982), exp-function method (He & Wu,
2006; ?; Naher et al., 2011), truncated painleve expansion method (Kudryashov, 1991) and ex-
tended tanh-method (Abdou & Soliman, 2006; El-Wakil & Abdou, 2007) are used for searching
the exact solutions.

Many authors have studied the modified ZK equation (Pelinovsky & Grimshaw, 1996; Sipcic
& Benney, 2000; Shi et al., 2006; Zhao et al., 2006; Wazwaz, 2008; Tascan et al., 2009; Ali et al.,
2020). The authors applied the asymptotic approach into modified ZK equation and found for
the modified ZK equation that critical collapse in two dimensions is accompanied by damping
both the momentumin and energy of the perturbed solitary waves and that slows down the rate
of the singularity formation (Pelinovsky & Grimshaw, 1996), considered the two-dimensional
solitary wave (lump) interactions and the formation of singularities in modified ZK equation
considered the two-dimensional solitary wave (lump) interactions and the formation of singular-
ities in modified ZK equation (Sipcic & Benney, 2000), obtained a class of approximate periodic
solutions for modified ZK equation by using the homotopy analysis method considered the two-
dimensional solitary wave (lump) interactions and the formation of singularities in modified ZK
equation (Shi et al., 2006). The authors obtained many solitary waves and periodic waves and
kink waves of modified ZK equation by using the theory of bifurcations of dynamical systems in
(Zhao et al., 2006). Using the extended tanh method got new travelling wave solutions with soli-
tons and periodic structures (Wazwaz, 2008). In Tascan et al. (2009), the first integral method
was used to construct travelling wave solutions of modified ZK equation. Peng developed the
extended mapping method to study the traveling wave solution for the modified ZK equation
applied the exp-function method to construct generalized solitary and periodic solutions of mod-
ified ZK equation (Peng, 2009; Noor et al., 2010). In Naher & Abdullah (2012), authors applied
the improved (G’/G)-expansion method to construct abundant new exact traveling wave solu-
tions of modified ZK equation, employed the complex method to obtain the exact solutions of
modified ZK equation (Yuan et al., 2013).

In this article, we consider the following the loaded modified ZK equation

ut + u2ux + uxxx + uxyy + γ(t)u(0, 0, t)ux = 0, (2)

where u(x, y, t) is an unknown function, x ∈ R, y ∈ R, t ≥ 0, γ(t) - is the given real continuous
function.

We construct exact travelling wave solutions of the loaded modified ZK by (G′/G) - expansion
method. The performance of this method is reliable and effective and gives the exact solitary
wave solutions and periodic wave solutions. The traveling wave solutions obtained via this
method are expressed by hyperbolic functions and the trigonometric functions. The graphical
representations of some obtained solutions are demonstrated to better understand their physical
features, including bell-shaped solitary wave solutions, singular soliton solutions and solitary
wave solutions of kink type. This method presents a wider applicability for handling nonlinear
wave equations.

It is known that the loaded differential equations contain some of the traces of an unknown
function. In Kneser (1914); Lichtenstein (1931); Nakhushev (1995, 1983, 1976); Nakhushev &
Borisov (1977); Nakhushev (1979), the term of “loaded equation” was used for the first time, the
most general definitions of the loaded differential equation were given and also a detailed classifi-
cations of the differential loaded equations as well as their numerous applications were presented.
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A complete description of solutions of the nonlinear loaded equations and their applications
can be found in papers Baltaeva (2012); Kozhanov (2004); Hasanov & Hoitmetov (2021a,b);
Khasanov & Hoitmetov (2021); Urazboev (2021); Yakhshimuratov & Matyokubov (2016).

2 Description of the generalized (G′/G) - expansion method

Consider nonlinear evolution equations with independent variables x, y and t is of the form

F (u, ux, uy, ut, uxx, utt, uyy, uxy, uxt, uyt...) = 0, (3)

u = u(x, y, t) is a unknown function, F is a polynomial in u = u(x, y, t) and its partial derivatives
in which the highest order derivatives and nonlinear terms are involved. Now we give the main
steps of the (G′/G) - expansion method.

Step 1. By using traveling wave transformation

u(x, y, t) = u(ξ), ξ = px+ qy − φ(t), (4)

where φ̇(t) is the speed of the traveling wave. Now, using (4), the equation (3) is converted into
an ordinary differential equation for u = u(ξ):

P (u, u′, u′′, u′′′, ...) = 0, (5)

where P is a polynomial of u(ξ).
Step 2. Suppose the solution of (5) can be expressed by a polynomial in (G′/G) as follows:

u(ξ) =

m∑
j=0

aj

(
G′

G

)j

, (6)

where G = G(ξ) satisfies the following second order linear ordinary differential equation

G′′ + λG′ + µG = 0, (7)

while aj , λ and µ are constants.
Step 3. The positive integer m can be determined by considering the homogeneous balance

between the highest order derivatives and the nonlinear terms appearing in (5). The coefficients
of this polynomial can be obtained by solving a set of algebraic equations resulted from the
process of using the method.

Step 4. Substitute (6) along with (7) into (5) and collect all terms with the same order
of G′(ξ)/G(ξ), the left-hand side of (5) is converted into a polynomial in G′(ξ)/G(ξ). Next,
equating the coefficients of each power of (G′/G) to zero, obtain a system of algebraic equations
for aj and φ(t). Then, u(ξ) can be restored by (6).

3 Exact solutions of the loaded modified equation of
Zakharov-Kuznetsov

We will show how to find the exact solution of the loaded modified ZK equation using the (G′/G)
- expansion method. For doing this, in (2), we use the following transformation

u(x, y, t) = u(ξ), ξ = px+ qy − φ(t). (8)

In (8), p, q are constants, φ(t) is unknown function to be determined later and φ̇(t) gives the
speed of the traveling wave. This transformation permits us converting equation (2) into an
ordinary differential equation for u = u(ξ):

−φ̇u′ + pu2u′ + p3u′′′ + pq2u′′′ + pγ(t)u(0, 0, t)u′ = 0, (9)
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where γ(t) is the given arbitrary real continuous function of t. Integrating (9) with respect to ξ
once

−3φ̇u+ pu3 + 3(p3 + pq2)u′′ + 3α(t)u = 0, (10)

where α(t) = pγ(t)u(0, 0, t) is the loaded term of eq (1).
We express the solution of equation (10) in the form of a polynomial in (G′/G) below

u(ξ) =

m∑
j=0

aj

(
G′

G

)j

, (11)

G′′ + λG′ + µG = 0. (12)

Using (11) and (12), u3 and u′′ are easily derived to

u3(ξ) = a3m

(
G′

G

)3m

+ ..., (13)

u′′(ξ) = m(m+ 1)am

(
G′

G

)m+2

+ ... . (14)

Considering the homogeneous balance between u′′and u3 in equation (10), based on (13) and
(14) we required that m = 1. Taking into account considerations, the form of u is as following

u(ξ) = a0 + a1

(
G′

G

)
, (15)

Now, if we let

Y = Y (ξ) =
G′

G
, u(ξ) = a0 + a1Y.

Then by the help of (12) we get

Y ′ =
GG′′ −G′2

G2
=

G(−λG′ − µG)−G′2

G2
= −Y 2 − λY − µ.

By result above and implicit difierentiation, one can derive the following two formulas

Y ′′ = 2Y 3 + 3λY 2 + (2µ+ λ2)Y + λµ,

Y ′′′ = −6Y 4 − 12λY 3 − (7λ2 + 8µ)Y 2 − (λ3 + 8λµ)Y − (λ2µ+ 2µ2).

Combining equations (11) and (12) then it results in a polynomial of powers of Y . Then,
collecting all terms of same order of Y and equating to zero, yields a set of algebraic equations
for a0, a1, a2, ... am.

It is known that the solution of equation (12) is a linear combination of sinh and cosh,
respectively, if ∆ = λ2 − 4µ > 0 or ∆ = λ2 − 4µ < 0. Without lost of generality, we consider
the first case and therefore

G(ξ) = e−
λξ
2 (A sinh

√
λ2 − 4µ

2
ξ +B cosh

√
λ2 − 4µ

2
ξ),

G′(ξ)

G(ξ)
= −λ

2
+

√
λ2 − 4µ

2

A sinh

√
λ2−4µ
2 ξ +B cosh

√
λ2−4µ
2 ξ

A cosh

√
λ2−4µ
2 ξ +B sinh

√
λ2−4µ
2 ξ

,

where A and B are any constants.
We know the exact view of u3

u3(ξ) = a30 + 3a20a1Y + 3a0a
2
1Y

2 + a31Y
3, (16)
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using (15) and (12) u′ and u′′ are easily derived to{
u′(ξ) = −a1Y

2 − a1λY − a1µ,
u′′(ξ) = 2a1Y

3 + 3a1λY
2 + (2a1µ+ a1λ

2)Y + a1λµ.
(17)

By substituting (15)-(17) into equation (10) and collecting all terms with the same power of
Y , the left-hand side of equation (10) is converted into another polynomial in Y .

−3φ̇(a0 + a1Y ) + p(a30 + 3a20a1Y + 3a0a
2
1Y

2 + a31Y
3) + 3(p3 + pq2)(2a1Y

3 + 3a1λY
2+

+(2a1µ+ a1λ
2)Y + a1λµ) + 3α(t)(a0 + a1Y ) = 0,

(pa31 + 6(p3 + pq2)a1)Y
3 + (3pa0a

2
1 + 9a1λ(p

3 + pq2))Y 2+
+(3pa20a1 + 6a1(p

3 + pq2)µ+ 3(p3 + pq2)a1λ
2 − 3φ̇a1+

+3α(t)a1)Y + pa30 + 3a1λµ(p
3 + pq2)− 3φ̇a0 + 3α(t)a0 = 0.

(18)

Equating each coefficient of expression (18) to zero, yields a set of simultaneous equations
for a0, a1 and φ(t) as following:

Y 3 : pa31 + 6(p3 + pq2)a1 = 0,

Y 2 : 3pa0a
2
1 + 9a1λ(p

3 + pq2) = 0,

Y 1 : 3pa20a1 + 6a1(p
3 + pq2)µ+ 3(p3 + pq2)a1λ

2 − 3φ̇a1 + 3α(t)a1 = 0,

Y 0 : pa30 + 3a1λµ(p
3 + pq2)− 3φ̇a0 + 3α(t)a0 = 0,

a21 = −6(p2 + q2),

a0 = −3λ(p2+q2)
a1

,

φ̇ = p
2(p

2 + q2)(4µ− λ2) + α(t),

p
2(p

2 + q2)(4µ− λ2) + α(t)− φ̇ = 0.

By solving these equations, we obtain the followings
a0 = ±λ(

√
6(p2+q2))

2 i, a1 = ±
√
6(p2 + q2)i,

φ(t) = p
2(p

2 + q2)(4µ− λ2)t+ p
∫ t
0 γ(τ)u(0, 0, τ)dτ + φ0,

(19)

λ, µ, p, q and φ0 are arbitrary constants. Using (8) and (19), expression (15) can be rewritten
as

u(ξ) = ±
λ(
√

6(p2 + q2))

2
i±

√
6(p2 + q2)iY = ±

√
6(p2 + q2)i

2

(
2
G′(ξ)

G(ξ)
+ λ

)
. (20)

Substituting the general solutions of equation (11) into (20) with ∆ = λ2 − 4µ > 0, we get
the solution of the loaded modified ZK equation (2)

u(ξ) = ±
√
6(p2 + q2)i

2

√
λ2 − 4µ

A sinh

√
λ2−4µ
2 ξ +B cosh

√
λ2−4µ
2 ξ

A cosh

√
λ2−4µ
2 ξ +B sinh

√
λ2−4µ
2 ξ

, (21)

where A, B are an arbitrary constants and ξ(x, y, t) = px + qy − φ(t). For define φ(t) in (19)
we seek ξ(0, 0, t) as follows

ξ(0, 0, t) =
n∑

j=1

αjt
j . (22)
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In (22), αj are unknown constants which should be defined. Differentiating the equality (22)
with respect to t and we obtain

ξ′t =

n∑
j=1

jαjt
j−1. (23)

On the other hand, we have

ξ′t = −p

2
(p2 + q2)(4µ− λ2)− pγ(t)u(0, 0, t). (24)

Comparing the equalities (23) and (24), we find

n∑
j=1

jαjt
j−1 = −p

2
(p2 + q2)(4µ− λ2)− pγ(t)u(0, 0, t). (25)

Now from (21) with x = 0, y = 0 we get

u(0, 0, t) = ±
√

6(p2 + q2)i

2

√
λ2 − 4µ

A sinh

√
λ2−4µ
2 ξ(0, 0, t) +B cosh

√
λ2−4µ
2 ξ(0, 0, t)

A cosh

√
λ2−4µ
2 ξ(0, 0, t) +B sinh

√
λ2−4µ
2 ξ(0, 0, t)

. (26)

Substituting (26) into (25) and taking into account (22) we obtain

n∑
j=1

jαjt
j−1 = −p

2
(p2 + q2)(4µ− λ2)∓

∓pγ(t)

√
6(p2 + q2)i

2

√
λ2 − 4µ

A sinh(

√
λ2−4µ
2

∑n
j=1 αjt

j) +B cosh

√
λ2−4µ
2

∑n
j=1 αjt

j

A cosh

√
λ2−4µ
2

∑n
j=1 αjtj +B sinh

√
λ2−4µ
2

∑n
j=1 αjtj

. (27)

The (27) is the algebraic system of equations for unknown αj . Solving this algebraic system of
equations we will define αj as well as from (27) we define u(0, 0, t) then it is easy to find φ(t)
from (19). After that, from (21) we get soliton solutions of the loaded modified ZK equation.

When ∆ = λ2 − 4µ > 0, we get the following hyperbolic form of the solution of the loaded
modified ZK equation

u(ξ) = ±
√
6(p2 + q2)i

2

√
λ2 − 4µ

A sinh

√
λ2−4µ
2 ξ +B cosh

√
λ2−4µ
2 ξ

A cosh

√
λ2−4µ
2 ξ +B sinh

√
λ2−4µ
2 ξ

, (28)

When ∆ = λ2−4µ < 0, we get the following trigonometric form of the solution of the loaded
modified ZK equation

u(ξ) = ∓
√
6(p2 + q2)i

2

√
4µ− λ2

A sin

√
4µ−λ2

2 ξ +B cos

√
4µ−λ2

2 ξ

A cos

√
4µ−λ2

2 ξ +B sin

√
4µ−λ2

2 ξ
. (29)

Now, by choosing free parametrs we will write the travelling wave solutions of the loaded
modified ZK equation in the simple form which can be used for the graphical illustrations.

1) when (λ2 − 4µ) > 0, λ = 2
√
3, µ = 2, p =

1√
3
, q =

1√
3
, A = 1, B = 0 and n = 1, we have

the following soliton solution

u(x, y, t) = 2ith(
1√
3
x+

1√
3
y − t). (30)

2) when (λ2 − 4µ) < 0, λ = 0, µ = 1, p =
1√
3
, q =

1√
3
, A = 1, B = 0 and n = 1, we have

the following periodical solution

u(x, y, t) = 2itg(
1√
3
x+

1√
3
y − t). (31)
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4 Graphical representation of the loaded modified
Zakharov-Kuznetsov equation

We have shown how to find the solutions of the loaded modified ZK equation in 3D plot formats
to make it easier to imagine. Graphical representation is an effective tool for communication
and it exemplifies evidently the solutions of the problems. The graphical illustrations of the
solutions are depicted in the Figure 1 and Figure 2.

Figure 1: Imaginary part of the solution of the loaded modified Zakharov-Kuznetsov equation for

λ = 2
√
3, µ = 2, (λ2 − 4µ) > 0, λ = 2

√
3, µ = 2, p =

1√
3
, q =

1√
3
, A = 1, B = 0, y = 0 and n = 1.

Figure 2: Imaginary part of the solution of the loaded modified Zakharov-Kuznetsov equation for

(λ2 − 4µ) < 0, λ = 0, µ = 1, p =
1√
3
, q =

1√
3
, A = 1, B = 0, y = 0 and n = 1.
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5 Conclusion

In this article, we used the (G′/G) - expansion method to obtain the exact traveling wave solu-
tions of the generalized forms of the loaded modified ZK equation. We have successfully obtained
abundant traveling wave solutions. The solution procedure can be easily implemented in Mat-
lab program. The graphical illustrations noticeably show the solitary solutions. The received
solutions with free parameters may be important to explain some physical phenomena. It is
shown that the performance of this method is productive, effective and well-built mathematical
tool for solving nonlinear evolution equations.
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Baskonus, H.M., Koç, D.A., & Bulut, H. (2016). New travelling wave prototypes to the nonlinear
Zakharov-Kuznetsov equation with power law nonlinearity. Nonlinear Sci. Lett. A, 7 (2), 67-
76.

Chen, Y., Wang, Q. (2005). Extended Jacobi elliptic function rational expansion method and
abundant families of Jacobi elliptic functions solutions to (1+1)-dimensional dispersive long
wave equation. Chaos Solitons Fractals, 24, 745-757.

Das, J., Bandyopadhyay, A., & Das, K.P. (2007). Existence and stability of alternative ion-
acoustic solitary wave solution of the combined MKdV-KdV-ZK equation in a magnetized
nonthermal plasma consisting of warm adiabatic ions. Physics of Plasmas, 14 (9), 092304.

El-Wakil, S.A., Abdou, M.A. (2007). New exact travelling wave solutions using modified ex-
tended tanh-function method. Chaos, Solitons & Fractals, 31 (4), 840-852.

Hasanov, A.B., Hoitmetov, U.A. (2021a). Integration of the general loaded Kortewegde Vries
equation with an integral source in the class of rapidly decreasing complex-valued functions.
Russian Mathematics, 7, 52-66.

Hasanov, A.B., Hoitmetov, U.A. (2021b). On integration of the loaded Korteweg-de Vries equa-
tion in the class of rapidly decreasing functions. Proceedings of the Institute of Mathematics
and Mechanics, National Academy of Sciences of Azerbaijan, 47 (2), 250-261.

He, J.H., Wu, X.H. (2006). Exp-function method for nonlinear wave equations. Chaos, Solitons
& Fractals, 30 (3), 700-708.

175



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.7, N.2, 2022

Hirota R. (1971). Exact solution of the KdV equation for multiple collisions of solutions. Physical
Review Letters, 27, 1192-1194.

Khasanov, A.B., Hoitmetov, U.A. (2021). On integration of the loaded mKdV equation in the
class of rapidly decreasing functions. The bulletin of Irkutsk State University. Series Mathe-
matics, 38, 19-35.

Kneser, A. (1914). Belastete integralgleichungen. Rendiconti del Circolo Matematico di Palermo
(1884-1940), 37(1), 169-197.

Kudryashov, N.A. (1990). Exact solutions of the generalized Kuramoto-Sivashinsky equation.
Physics Letters A, 147 (5-6), 287-291.

Kudryashov, N.A. (1991). On types of nonlinear nonintegrable equations with exact solutions.
Physics Letters A, 155 (4-5), 269-275.

Kozhanov, A.I. (2004). A nonlinear loaded parabolic equation and a related inverse problem.
Mathematical Notes, 76(5), 784-795.

Lin, C., Zhang, X.L. (2007). The formally variable separation approach for the modified
Zakharov-Kuznetsov equation. Communications in Nonlinear Science and Numerical Sim-
ulation, 12 (5), 636-642.

Lu, X., Tian, B., Xu, T., Cai, K.J., & Liu, W.J. (2008). Analytical study of the nonlin-
ear Schrodinger equation with an arbitrary linear time-dependent potential in quasi-one-
dimensional Bose-Einstein condensates. Annals of Physics, 323 (10), 2554-2565.

Lu, X., Zhu, H. W., Yao, Z. Z., Meng, X. H., Zhang, C., Zhang, C. Y., & Tian, B. (2008).
Multisoliton solutions in terms of double Wronskian determinant for a generalized variable-
coefficient nonlinear Schrodinger equation from plasma physics, arterial mechanics, fluid dy-
namics and optical communications. Annals of Physics, 323 (8), 1947-1955.

Lichtenstein, L. (1931). Vorlesungen ??ber einige Klassen nichtlinearer Integralgle-
ichungen und Integro-Differential-Gleichungen nebst Anwendungen, Springer-Verlag.
https://doi.org/10.1007/978-3-642-47600-6.

Malfliet, W. (1992). Solitary wave solutions of nonlinear wave equations. American Journal of
Physics, 60 (7), 650-654.

Munro, S., Parkes, E.J. (2000). Stability of solitary-wave solutions to a modified Zakharov-
Kuznetsov equation. Journal of Plasma Physics, 64 (4), 411-426.

Mushtaq, A., Shah, H.A. (2005). Nonlinear Zakharov-Kuznetsov equation for obliquely prop-
agating two-dimensional ion-acoustic solitary waves in a relativistic, rotating magnetized
electron-positron-ion plasma. Physics of Plasmas, 12 (7), 072306.

Naher, H., Abdullah, F.A., & Akbar, M.A. (2011). The Exp-function method for new exact solu-
tions of the nonlinear partial differential equations. International Journal of Physical Sciences,
6 (29), 6706-6716.

Naher, H., Abdullah, F.A. (2012). The Improved (G′/G)-Expansion Method for the (2+1)-
Dimensional Modified Zakharov-Kuznetsov Equation. Journal of Applied Mathematics,
2012(1-5).

Nakhushev, A.M. (1976). The Darboux problem for a certain degenerate second order loaded
integrodifferential equation. Differential Equations, 12 (1), 103-108.

176



B. BABAJANOV, F. ABDIKARIMOV: EXPANSION METHOD FOR THE LOADED MODIFIED...

Nakhushev, A.M., Borisov, V.N. (1977). Boundary value problems for loaded parabolic equations
and their applications to the prediction of ground water level. Differential Equations, 13 (1),
105-110.

Nakhushev, A.M. (1979). Boundary value problems for loaded integro-differential equations of
hyperbolic type and some of their applications to the prediction of ground moisture. Differ-
ential Equations, 15 (1), 96-105.

Nakhushev, A.M. (1983). Loaded equations and their applications. Differential Equations, 19 (1),
86-94.

Nakhushev, A.M. (1995). Equations of mathematical biology, Visshaya Shkola, p.301.

Noor, M.A., Mohyud-Din, S.T., Waheed, A., & Al-Said, E.A. (2010). Exp-function method for
traveling wave solutions of nonlinear evolution equations. Applied Mathematics and Compu-
tation, 216 (2), 477-483.

Pelinovsky, D.E., Grimshaw, R.H. (1996). An asymptotic approach to solitary wave instabil-
ity and critical collapse in long-wave KdV-type evolution equations. Physica D: Nonlinear
Phenomena, 98 (1), 139-155.

Peng, Y.Z. (2008). Exact travelling wave solutions for the Zakharov-Kuznetsov equation. Applied
Mathematics and Computation, 199 (2), 397-405.

Rogers, C., Shadwick, W.F. (1982). Backlund Transformations and their applications, Academic
Press, New York, Mathematics in science and engineering, 161, p.334.

Shi, Y.R., Xu, X.J., Wu, Z.X., Wang, Y.H., Yang, H.J., Duan, W.S., Lv, K.P. (2006). Application
of the Homotopy Analysis Method to Solving Nonlinear Evolution Equations. Acta Physica
Sinica, 55, 1555-1560.

Sipcic, R., Benney, D.J. (2000). Lump interactions and collapse in the modified Zakharov-
Kuznetsov equation. Studies in Applied Mathematics, 105 (4),385-403.

Tascan, F., Bekir, A., Koparan, M. (2009). Travelling Wave Solutions of Nonl near Evolution
Equations by Using the First Integral Method. Communications in Nonlinear Science and
Numerical Simulation, 14, 1810-1815. https://doi.org/10.1016/j.cnsns.2008.07.009.

Urazboev, G.U., Baltaeva, I.I., & Rakhimov, I.D. (2021). A generalized (G’/G)-expansion
method for the loaded Korteweg-de Vries equation. Sibirskii Zhurnal Industrial’noi Matem-
atiki, 24 (4), 139-147.

Wazwaz, A.M. (2008). The Extended Tanh Method for the Zakharov-Kuznetsov Equation, the
Modified ZK Equation and its Generalized Forms. Communications in Nonlinear Science and
Numerical Simulation, 13, 1039-1047.

Yakhshimuratov, A.B., Matyokubov, M.M. (2016). Integration of a loaded Korteweg de Vries
equation in a class of periodic functions. Russian Mathematics, 60(2), 72-76.

Yuan, W., Huang, Y., & Shang, Y. (2013). All traveling wave exact solutions of two nonlinear
physical models. Applied Mathematics and Computation, 219 (11), 6212-6223.

Zakharov, V.E., Kuznetsov, E.A. (1974). Three-dimensional solitons. Journal of Experimental
and Theoretical Physics, 29 (66), 594-597.

Zhao, X., Zhou, H., Tang, Y., & Jia, H. (2006). Travelling wave solutions for modified Zakharov-
Kuznetsov equation. Applied Mathematics and Computation, 181 (1), 634-648.

177


