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Abstract. Mathematical modeling of many physical process leads to nonlinear evolution equations. The inves-
tigation of traveling wave solutions of nonlinear partial differential equations plays significant role in the study of
nonlinear physical phenomena. In this article, the generalized (G'/G) - expansion method using generalized wave
transformation is applied to find exact traveling wave solutions of the loaded modified Zakharov-Kuznetsov(ZK)
equation. The performance of the method is reliable, useful and gives more new general exact solutions than
the existing methods. The travelling wave solutions are expressed by the hyperbolic functions, the trigonometric
functions and the rational functions. The results emphasize the power of proposed methods in providing distinct
solutions of different physical structures in nonlinear science. The graphical presentations are demonstrated for
some of newly obtained solutions. It is shown that the proposed method provides a powerful mathematical tool

for solving nonlinear wave equations in mathematical physics and engineering.

Keywords: loaded modified Zakharov-Kuznetsov equation, nonlinear evolution equations, expansion method,
hyperbolic function, solitary wave.

AMS Subject Classification: 34A34, 34B15, 35Q51, 35J60, 35J66.

Corresponding author: Fakhriddin Abdikarimov, Khorezm Mamun Academy, Khiva, Uzbekistan, e-mail:
goodluck_0714@mail.Tu

Received: 26 January 2022; Revised: 5 March 2022; Accepted: 11 April 2022; Published: 5 August 2022.

1 Introduction

Nonlinear evolution equations (NLEE) appear in various fields of science and technology, such
as fluid mechanics, plasma physics, optical fibers, biophysics, electricity, wave propagation in
shallow water, high energy physics, biology, solid state physics, etc. One of the most important
NPDE is the Zakharov—Kuznetsov (ZK) equation.

The Zakharov—Kuznetsov (ZK) equation is a very attractive model equation for the study of
vortices in geophysical flows. The ZK equation appears in many areas of physics, applied mathe-
matics and engineering. In particular, it shows up in the area of plasma physics (Das et al., 2007;
Lin & Zhang, 2007; Mushtaq & Shah, 2005). The ZK equation governs the behavior of weakly
nonlinear ion-acoustic waves in a plasma comprised of cold (Lu et al., 2008a,b; Biswas & Zerrad,
2010). In 1974, Zakharov and Kuznetsov formulated model equation for model the propagation
of weakly nonlinear ion-acoustic waves in plasma, which includes cold ions and hot-isothermal
electrons in a medium with a uniform magnetic field amplitude (Zakharov & Kuznetsov, 1974;
Monro & Parkes, 1999).

The modified Zakharov—Kuznetsov (mZK) equation,

ut + 'LLQUQ; + Upzr + Ugyy = 07 (1)
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represents an anisotropic two-dimensional generalization of the Korteweg—de Vries equation and
can be derived in a magnetized plasma for small amplitude Alfven waves at a critical angle to the
undisturbed magnetic field, and has been studied by many authors because of its importance.

Many powerful and direct methods of nonlinear evolutions equations have been developed
to find special solutions, such as, Weierstrass elliptic function method (Kudryashov, 1990), Ja-
cobi elliptic function expansion method (Chen & Wang, 2005), tanh-function method (Malfliet,
1992), inverse scattering transform method Ablowitz & Segur (1991), Hirota method (Hirota,
1971), Backlund transform method (Rogers & Shadwick, 1982), exp-function method (He & Wu,
2006; ?; Naher et al., 2011), truncated painleve expansion method (Kudryashov, 1991) and ex-
tended tanh-method (Abdou & Soliman, 2006; El-Wakil & Abdou, 2007) are used for searching
the exact solutions.

Many authors have studied the modified ZK equation (Pelinovsky & Grimshaw, 1996; Sipcic
& Benney, 2000; Shi et al., 2006; Zhao et al., 2006; Wazwaz, 2008; Tascan et al., 2009; Ali et al.,
2020). The authors applied the asymptotic approach into modified ZK equation and found for
the modified ZK equation that critical collapse in two dimensions is accompanied by damping
both the momentumin and energy of the perturbed solitary waves and that slows down the rate
of the singularity formation (Pelinovsky & Grimshaw, 1996), considered the two-dimensional
solitary wave (lump) interactions and the formation of singularities in modified ZK equation
considered the two-dimensional solitary wave (lump) interactions and the formation of singular-
ities in modified ZK equation (Sipcic & Benney, 2000), obtained a class of approximate periodic
solutions for modified ZK equation by using the homotopy analysis method considered the two-
dimensional solitary wave (lump) interactions and the formation of singularities in modified ZK
equation (Shi et al., 2006). The authors obtained many solitary waves and periodic waves and
kink waves of modified ZK equation by using the theory of bifurcations of dynamical systems in
(Zhao et al., 2006). Using the extended tanh method got new travelling wave solutions with soli-
tons and periodic structures (Wazwaz, 2008). In Tascan et al. (2009), the first integral method
was used to construct travelling wave solutions of modified ZK equation. Peng developed the
extended mapping method to study the traveling wave solution for the modified ZK equation
applied the exp-function method to construct generalized solitary and periodic solutions of mod-
ified ZK equation (Peng, 2009; Noor et al., 2010). In Naher & Abdullah (2012), authors applied
the improved (G’/G)-expansion method to construct abundant new exact traveling wave solu-
tions of modified ZK equation, employed the complex method to obtain the exact solutions of
modified ZK equation (Yuan et al., 2013).

In this article, we consider the following the loaded modified ZK equation

g + ulug + Uggs + Ugzyy + 7(1)u(0,0,t)u, =0, (2)

where u(z,y,t) is an unknown function, x € R, y € R, t > 0, (t) - is the given real continuous
function.

We construct exact travelling wave solutions of the loaded modified ZK by (G'/G) - expansion
method. The performance of this method is reliable and effective and gives the exact solitary
wave solutions and periodic wave solutions. The traveling wave solutions obtained via this
method are expressed by hyperbolic functions and the trigonometric functions. The graphical
representations of some obtained solutions are demonstrated to better understand their physical
features, including bell-shaped solitary wave solutions, singular soliton solutions and solitary
wave solutions of kink type. This method presents a wider applicability for handling nonlinear
wave equations.

It is known that the loaded differential equations contain some of the traces of an unknown
function. In Kneser (1914); Lichtenstein (1931); Nakhushev (1995, 1983, 1976); Nakhushev &
Borisov (1977); Nakhushev (1979), the term of “loaded equation” was used for the first time, the
most general definitions of the loaded differential equation were given and also a detailed classifi-
cations of the differential loaded equations as well as their numerous applications were presented.
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A complete description of solutions of the nonlinear loaded equations and their applications
can be found in papers Baltaeva (2012); Kozhanov (2004); Hasanov & Hoitmetov (2021a,b);
Khasanov & Hoitmetov (2021); Urazboev (2021); Yakhshimuratov & Matyokubov (2016).

2 Description of the generalized (G'/G) - expansion method

Consider nonlinear evolution equations with independent variables x, y and t is of the form
F(u, ug, Uy, Ut, Upg, Utt, Uyy, Ugy, Ust, Uyt...) = 0, (3)

u = u(z,y,t) is a unknown function, F' is a polynomial in u = u(z, y, t) and its partial derivatives
in which the highest order derivatives and nonlinear terms are involved. Now we give the main
steps of the (G'/G) - expansion method.

Step 1. By using traveling wave transformation

u(z,y,t) = u(&), &=px+qy —o(t), (4)

where ¢(t) is the speed of the traveling wave. Now, using (4), the equation (3) is converted into
an ordinary differential equation for u = u(§):

P(u,u u" 4", ..) =0, (5)

where P is a polynomial of u(§).
Step 2. Suppose the solution of (5) can be expressed by a polynomial in (G'/G) as follows:

o= (%), )

7=0
where G = G(§) satisfies the following second order linear ordinary differential equation
G" + )G+ uG =0, (7)

while a;, A and p are constants.

Step 3. The positive integer m can be determined by considering the homogeneous balance
between the highest order derivatives and the nonlinear terms appearing in (5). The coefficients
of this polynomial can be obtained by solving a set of algebraic equations resulted from the
process of using the method.

Step 4. Substitute (6) along with (7) into (5) and collect all terms with the same order
of G'(§)/G(€), the left-hand side of (5) is converted into a polynomial in G'(£)/G(€). Next,
equating the coefficients of each power of (G'/G) to zero, obtain a system of algebraic equations
for a; and ¢(t). Then, u(£) can be restored by (6).

3 Exact solutions of the loaded modified equation of
Zakharov-Kuznetsov

We will show how to find the exact solution of the loaded modified ZK equation using the (G'/G)
- expansion method. For doing this, in (2), we use the following transformation

U(ﬂj‘,y,t) = U(f),£ =pr+qy — Qp(t) (8)

In (8), p,q are constants, ¢(t) is unknown function to be determined later and ¢(t) gives the
speed of the traveling wave. This transformation permits us converting equation (2) into an
ordinary differential equation for u = u(§):

3. 1 2. 1M

—pu’ + puPu’ + pPu” + pPu” + py(t)u(0,0,t)u’ =0, (9)
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where 7(t) is the given arbitrary real continuous function of t. Integrating (9) with respect to &
once
—3¢u + pu® + 3(p* + pg*)u” + 3a(t)u = 0, (10)

where «a(t) = py(t)u(0,0,t) is the loaded term of eq (1).
We express the solution of equation (10) in the form of a polynomial in (G'/G) below

wo=a (%), (1)

§=0
G" + )G + G =0. (12)
Using (11) and (12), u® and " are easily derived to
G/ 3m
3 =a3 | = 13
2O =t (F) 4 (13)
7\ m+2
(&) = m(m + Dayy, <G) + ... (14)

Considering the homogeneous balance between u”and u? in equation (10), based on (13) and
(14) we required that m = 1. Taking into account considerations, the form of u is as following

u(§) = ap + a1 (g) : (15)
Now, if we let )
Y=Y = %, u(§) = ap + a1Y.

Then by the help of (12) we get

GG" —G?  G(-\G' — uG) — G”
Gz G2 -

By result above and implicit difierentiation, one can derive the following two formulas

Y' = Y2 -)Y — p.

Y =2Y3 4 30Y2 + (2u + N2)Y + A\,

Y = —6Y* — 12073 — (TA% +8u)Y2 — (A3 + 8 \u)Y — (A2 + 2u?).

Combining equations (11) and (12) then it results in a polynomial of powers of Y. Then,
collecting all terms of same order of Y and equating to zero, yields a set of algebraic equations
for ag, a1, ao, ... am.

It is known that the solution of equation (12) is a linear combination of sinh and cosh,
respectively, if A = A2 — 4y > 0 or A = A2 —4u < 0. Without lost of generality, we consider
the first case and therefore

/N2 — _
G = e*§(A sinh %f + B cosh ﬁf)

G&) _ A AT Asinh e 4 Beosh Y e
o 2 i Acosh @f + Bsinh @57

where A and B are any constants.
We know the exact view of u3

w? (&) = ag + 3aiar1Y + 3apalY? + ajY?, (16)
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using (15) and (12) «’ and u” are easily derived to

{ (&) = —a1Y? — a1 \Y — aip, (17)

u"(&) = 201 Y3 4+ 31 \Y? + (2a1p + a1 A2)Y + ag A

By substituting (15)-(17) into equation (10) and collecting all terms with the same power of
Y, the left-hand side of equation (10) is converted into another polynomial in Y.

—3¢(ag + a1Y) + plad + 3a3a1Y + 3aga?Y? + a3Y?) + 3(p® + pg®)(2a1 Y2 + 3a1 \Y 2+
+(2a1p + a1 A?)Y + a1 p) + 3a(t)(ag + a1Y) = 0,

(pai + 6(p* + pg*)a1)Y? + (3paga + 9ar A(p® + pg?))Y >+
+(3pagay + 6a1(p® + pg?)p + 3(p® + pg?) a1 ? — 3par+ (18)
+3a(t)ar)Y + pad + 3ari \u(p® + pg?) — 3pag + 3a(t)ag = 0.

Equating each coefficient of expression (18) to zero, yields a set of simultaneous equations
for ag, a1 and ¢(t) as following:

Y3 pad +6(p° + pg*)ar = 0,
Y2 : 3paga? + 9ai \(p® + pg®) =0,
Y1 3paday + 6a1(p® + pg®)u + 3(p° + pg*)ai Nt — 3pay + 3a(t)a; = 0,
YO paj + 3ai  \u(p® + pg®) — 3¢ag + 3a(t)ag = 0,
af = —6(p* + ¢%),

3A(p2+4?)

apg = — a1 ’

¢ =5 +¢*)(4p — N?) + a(t),

| B + ) (Ap — N2) +a(t) — ¢ =0.

By solving these equations, we obtain the followings

by 2

(19)
e(t) = B(p® + ¢®) (4 — Nt +p [ v(T)u(0,0,7)dT + ¢,

A, i, p, g and 0 are arbitrary constants. Using (8) and (19), expression (15) can be rewritten

" _ L AWVBP*+¢?) v L VO + )i (LG(E)
u(é) ==+ 5 i ++/6(p*+ ¢2)iY =+ 5 < Go + )\) (20)

Substituting the general solutions of equation (11) into (20) with A = X2 — 4y > 0, we get
the solution of the loaded modified ZK equation (2)

Asinh Y22 4“E—{—Bcosh v 4“5
A cosh ¥ 4Hf—FBsmh v 4”5

w9 = LN e

(21)

where A, B are an arbitrary constants and £(z,y,t) = px + qy — ¢(t). For define () in (19)
we seek £(0,0,t) as follows

£(0,0,1) Za]t] (22)
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In (22), a; are unknown constants which should be defined. Differentiating the equality (22)

with respect to ¢t and we obtain
n

§=> jath". (23)
j=1
On the other hand, we have
b
& = =5 (0" + ¢*)(4p — 2%) — py(t)u(0,0,1). (24)

2
Comparing the equalities (23) and (24), we find

Z]a]tj b= (p +¢%) (4 — N*) — py(t)u(0,0,1). (25)

Now from (21) with x = 0, y = 0 we get

u(0,0,1) = 4 VP H @) s Asinh mg(o 0,1) + B cosh mg(o 0,1)

. (26)
2 A cosh ¥ 4“5(0 0,t) + Bsinh ¥ 4“5(0 0,t)
Substituting (26) into (25) and taking into account (22) we obtain
Y gt = —g(p2 +q°)(4p - X)F
j=1
Asinh(¥ 4“ o;t!) + B cosh ¥ 4” at!
Ty (t \/ﬁ\/ﬁ ZJ1]> Z]lj'(27)

Acosh Y- 4”2] | ot/ + Bsinh ¥ 4“2

The (27) is the algebraic system of equations for unknown ;. Solving thls algebralc system of
equations we will define a; as well as from (27) we define (0, 0,t) then it is easy to find ¢(t)
from (19). After that, from (21) we get soliton solutions of the loaded modified ZK equation.

When A = A2 — 4 > 0, we get the following hyperbolic form of the solution of the loaded
modified ZK equation

€)= + 6(p? + ¢?)i \/)\714 sinh 4“{ + B cosh 4“5 (28)
u = —_—mnmm
2 Acosh Y He 4 Bginh V2 4"5

When A = A2 — 4 < 0, we get the following trigonometric form of the solution of the loaded
modified ZK equation

6(p* +q?)i 5 Asin~Y 4‘;_’\26 + B cos 7““;_)‘25
Acos 7”‘55 + Bsin 7V‘é§

Now, by choosing free parametrs we will write the travelling wave solutions of the loaded
modified ZK equation in the simple form which can be used for the graphical illustrations.

1) when (A2 —4p) >0, A=2V3, p =2 , =1, B=0and n =1, we have
) ( 1) p=2p= \/g q= \/g
the following soliton solution
1 1
w(x,y,t) = 2ith(—x + —y — t). 30
(@.0:8) = 2ith( e+ 1) (30)
1 1
2) when (V2 —4p) <0, A =0, u=1,p=—,g=—, A=1, B=0and n = 1, we have
) ( 1) [ P=m =5

the following periodical solution
, 1 1
u(z,y,t) = 2“9(%?5 + %y

173

—1). (31)



ADVANCED MATHEMATICAL MODELS & APPLICATIONS, V.7, N.2, 2022

4 Graphical representation of the loaded modified

Zakharov-Kuznetsov equation
We have shown how to find the solutions of the loaded modified ZK equation in 3D plot formats

to make it easier to imagine. Graphical representation is an effective tool for communication
and it exemplifies evidently the solutions of the problems. The graphical illustrations of the
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solutions are depicted in the Figure 1 and Figure 2.
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Figure 1: Imaginary part of the solution of the loaded modified Zakharov-Kuznetsov equation for
1

A=2V3, p=2, (N —4p) >0, A=2V3, p=2,p=

200
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A=1,B=0,y=0and n=1.

Figure 2: Imaginary part of the solution of the loaded modified Zakharov-Kuznetsov equation for

(A2 —4p) <0, A=0,p=1,p=—,q=
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5 Conclusion

In this article, we used the (G'/G) - expansion method to obtain the exact traveling wave solu-
tions of the generalized forms of the loaded modified ZK equation. We have successfully obtained
abundant traveling wave solutions. The solution procedure can be easily implemented in Mat-
lab program. The graphical illustrations noticeably show the solitary solutions. The received
solutions with free parameters may be important to explain some physical phenomena. It is
shown that the performance of this method is productive, effective and well-built mathematical
tool for solving nonlinear evolution equations.
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